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Abstract. For convex co-compact hyperbolic quotients X = r\H" +1 , we analyze the 
long-time asymptotic of the solution of the wave equation u(t) with smooth compactly 
supported initial data / = (/o, /i). We show that, if the Hausdorff dimension <5 of the 
limit set is less than n/2, then u(t) = C 5 (/)e C *~t)*/r(i5 - n/2 + 1) + e (,5 ~f ^R(t) 
where C s (f) € C°°(X) and \\R(t)\\ = 0(t~°°). We explain, in terms of conformal 
theory of the conformal infinity of X , the special cases 6 £ n/2 — N where the leading 
asymptotic term vanishes. In a second part, we show for all e > the existence of 
an infinite number of resonances (and thus zeros of Selberg zeta function) in the strip 
{— nS — e < Rc(A) < 6}. As a byproduct we obtain a lower bound on the remainder 
R(t) for generic initial data /. 



1. Introduction 

It is well-known that on a compact Ricmannian manifold (X,g), any solution w(t, z) 
of the wave equation (9 t 2 + A g )u(t, z) = expands as a sum of oscillating terms of the 
form e tXjt a,j(z) where are the eigenvalues of the Laplacian A g and ctj some associ- 
ated eigenvectors. The eigenvalues then give the frequencies of oscillation in time. For 
non-compact manifolds, the situation is much more complicated and no general theory 
describes the behaviour of waves as time goes to infinity, at least in terms of spectral 
data. A first satisfactory description has been given by Lax-Phillips |H] and Vainberg 
for the Laplacian Ax with Dirichlct condition on X := R™ \ where is a compact 
obstacle and n odd; indeed if u(t) is the solution of (—df — Ax)u(t, z) = with compactly 
supported smooth initial data in X and under a non-trapping condition, they show an 
expansion as t — > +co of the form 

m(Aj ) 

u(t,z)= £ e^'i fc - 1 u J , fc (z) + 0(e-( JV - e ) t ), ViV>0,Ve>0 

\jE3l k=l 
Im(A ; ,)<A f 

uniformly on compacts, where 31 C {A e C,Im(A) > 0} is a discrete set of complex 
numbers called resonances associated with a multiplicity function m : 51 — > N, and 
are smooth functions. The real part of Xj is a frequency of oscillation while the imaginary 
part is an exponential decay rate of the solution. Resonances can in general be defined 
as poles of the meromorphic continuation of the Schwartz kernel of the resolvent of Ax 
through the continuous spectrum. 

In |38j . Tang and Zworski extended this result for non-trapping black-box perturbation 
of K n and considered also a strongly trapped setting, namely when there exist resonances 
Xj such thalQ Im(Aj) < (1 + |A_,|) _Ar for all N > 0, satisfying in addition some separation 
and multiplicity conditions. The expansion of wave solutions then involved these reso- 
nances and the error is Q(t~ N ) for all N > 0. This last result has also been generalized 
by Burq- Zworski [5] for semi-classical problems. 

It is important to notice that such results are almost certainly not optimal when the 
trapping is hyperbolic since, at least for all known examples, resonances do not seem to 



^This is typically the case when P has elliptic trapped orbits as shown in 1311 
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approach the real line faster than polynomially. Christiansen and Zworski [5] studied two 
examples in hyperbolic geometry, the modular surface and the infinite volume cylinder, 
they showed a full expansion of waves in terms of resonances with exponentially decaying 
error terms. The proof is based on a separation of variables computation in the cylinder 
case (here the trapping geometry is that of a single closed hyperbolic orbit) while it relies 
on well-known number theoretic estimates for the Eisenstein scries in the modular case. 
The case of De Sitter-Schwarzchild metrics has recently been studied by Bony-Hafner [T] 
using also separation of variables and rotational symmetry of the space. This is another 
example of hyperbolic trapping. Clearly, the general hyperbolic trapping situation is an 
issue and the above results are always based on very explicit computations or the arith- 
metic nature of the manifold. It is therefore of interest to consider more general cases 
of hyperbolic trapping geometries, the most basic examples being the convex co-compact 
quotients of the hyperbolic space H n+1 that can be considered as the simplest non-trivial 
models of open quantum chaotic systems. 

Hyperbolic quotients r\H n+1 by a discrete group of isometries with only hyperbolic 
elements (those that do not fix points in H ra+1 but fix two points on the sphere at infinity 
S n = <9H" +1 ) and admitting a finite sided fundamental domain are called convex co- 
compact. The Laplacian on such a quotient X has for continuous and essential spectrum 
the half- line [n 2 /4, oo), the natural wave equation is 

(1.1) (d 2 +A X -n 2 /4)u(t,z) = 0, u(0,z) = f (z), d t u(0, z) = h{z), 



its solution is 




For a convex co-compact quotient X = r\H" +1 , the group V acts on H n+1 as isometries 
but also on the sphere at infinity S n = <9H" +1 as conformal transformations. The limit 
set A(r) of the group is the set of accumulation points on S n of the orbit T.m for the 
Euclidean topology of the ball {z <E M n+1 ; \z\ < 1} for any picked m € H" +1 , it is well 
known that A(r) does not depend on the choice of m. We denote by 8 £ (0,n) the 
Hausdorff dimension of A(r), 

6 := dimji(A(r)). 

It is proved by Patterson [35] and Sullivan [37] that 8 is also the exponent of convergence 
of Poincare series 

(1.3) P x (m,m') :=J2 e ~ Xdhim, ' rm ' ) > m I m'eH B+1 , 

where dh is the hyperbolic distance. Standard coordinates on the unit sphere bundle 
SX = {(z, £) G TX; |£| = 1} show that 28 + 1 is the Hausdorff dimension of the trapped 
set of the geodesic flow on SX. 

We denote by f2 := S n \A(T) the domain of discontinuity of T, this is the largest open 
subset of S n on which T acts properly discontinuously. The quotient T\Q is a compact 
manifold and X can be compactificd into a smooth manifold with boundary X = X U dX 
with dX = r\0. It turns out that dX inherits from the hyperbolic metric g on X a 
conformal class of metrics [ho], namely the conformal class of ho = x2 9\Tdx where x is 
any smooth boundary defining function of dX in X. 

In this paper, we focus on the case when 8 < n/2 since if 8 > n/2, the Laplacian Ax 
has pure point spectrum in (0,n 2 /4) that gives the leading asymptotic behaviour of u{t) 
by usual spectral theory. We prove the following result. 



WAVE DECAY ON CONVEX CO-COMPACT HYPERBOLIC MANIFOLDS 3 

Theorem 1.1. Let X be an (n + 1) -dimensional convex co-compact hyperbolic manifold 
such that 8 < n/2, and let /o,/i, X G Cg°(X). With u{t) defined by p.2|) . as t — » +oo, 
we have the asymptotic 

(1-4) xuit) = T{5 A l +l) ^- 5) {u8, (6 - |)/o + h)xus + L2 (e( s -^H-°°) 

where us is the Patterson generalized eigenfunction defined in (|2.10p and (, ) is the distri- 
butional pairing, Ax 6 C \ {0} is a constant depending on X . 

Remark 1: when 8 ^ n/2 — N, this shows that the "dynamical dimension" 5 controls 
the exponential decay rate of waves, or quantum decay rat^. It seems to be the first 
rather general example of hyperbolic trapping for which we have an explicit asymptotic 
for the waves, in terms of geometric data. However, we point out that the recent work of 
Petkov-Stoyanov [34] should in principle imply an expansion in terms of a finite number 
of resonances for the exterior problem with strictly convex obstacles. We also believe 
that a result similar to Theorem 14.31 holds for general negatively curved asymptotically 
hyperbolic manifolds, this will be studied in a subsequent work. 

Remark 2: In the special case 8 G n/2 — N (note that it can happen only for n > 3 
i.e. for four and higher dimensional manifolds) the leading term vanishes in view of 
the Euler T fonction in (|1.4|) . Waves for this special case turn out to decrease faster. 
We explain this fact in the last section of the paper, and it is somehow related to the 
conformal theory of dX: what happens is that when 8 ^ n/2 — N, A = <5 is always 
the closest pole to the continuous spectrum of the meromorphic extension of the resolvent 
R(X) :~ (Ax-A(n-A)) -1 and us is an associated non-L 2 eigenstate (Aj- 5(n— S))ug = 0, 
while when 8 G n/2 — k with k G N, the extended resolvent R(X) is holomorphic at A = 8 
and us has asymptotic behaviour near dX 

u s (z) = x(z) s f s + tD(x(z) s+1 ) 

where f$ G C°°(dX) is an element of ker(Pfc), Pk being the fc-th GJMS conformal Lapla- 
cian [8] of the conformal boundary (dX, [ho]); more precisely Pj > for all j = 1, . . . , k — 1 
while kerPfc = Span(/a). The manifold has a special conformal geometry at infinity that 
makes the resonance 8 disappears and transforms into a 0-eigenvalue for the conformal 
Laplacian P^. 

The proof uses methods of Tang-Zworski [38] together with informations on the closest 
resonance to the critical line, that is 8 when 8 ^ n/2 — N (the physical sheet for the 
resolvent i?(A) := (A — X(n — A)) -1 is {Rc(A) > n/2}) this last fact has been proved 
by Patterson [29j using Poincare series and Patterson-Sullivan measure. The powerful 
dynamical theory of Dolgopyat [7] has been used by the second author [52] (for surfaces) 
and Stoyanov [36j (in higher dimension) to prove the existence of a strip with no zero on 
the left of the first zero A = 8 for the Selberg zeta function. Using results of Patterson- 
Perry [3D], this implies a strip {8 — e < Re(A) < 8)} with no resonance. Then we can 
view u(t) as a contour integral of the resolvent R(X) and move the contour up to 8 and 
apply residue theorem. This involves obtaining rather sharp estimates on the truncated 
(on compact sets) resolvent near the line {Rc(A) = <5}. This is achieved by combining the 
non-vanishing result with an a priori bound that results from a precise parametrix of the 
truncated resolvent. 

A second result of this article is the proof of the existence of an explicit strip with 
infinitely many resonances. 



2 This kind of result was predicted in 1271 . 



4 



COLIN GUILLARMOU AND FREDERIC NAUD 



Theorem 1.2. Let X = r\H" +1 be a convex co-compact hyperbolic manifold and let 
S £ (0, n) be the Hausdorff dimension of its limit set. Then for all e > 0, there exist 
infinitely many resonances in the strip {— nS — e < Rc(s) < 5}. If moreover V is a Schottky 
group, then there exist infinitely many resonances in the strip {—S 2 — e < Re(s) < 5}. 

Note that the existence of infinitely many resonances in some strips was proved by 
Guillopc-Zworski |21j in dimension 2 and Perry |33j in higher dimension, but in both 
cases, they did not provide any geometric information on the width of these strips. Our 
proof is based on a Selberg like trace formula and uses all previously known counting 
estimates for resonances. An interesting consequence is an explicit Omega lower bound 
for the remainder in p.4p for generic compactly supported initial data. 

Corollary 1.3. For any compact set K C X, there exists a generic set D, C C°°(K) such 
that for all f\ £ 0, /o = and all e > 0, the remainder in (|1.4j) is not a Q L 2(e~(% +nS+e > t ) 
ast^oo. If X is Schottky, L 2 ( e -(i+ Tw5 + e ) t ) can be improved to L 2 (e^t +< 52+e ) t ). 

The meaning of "generic" above is in the Baire category sense, i.e. it is a G^-dcnsc 
subset. We point out that when n = 1, all convex-cocompact surfaces arc Schottky i.e. 
are obtained as r\H 2 , where T is a Schottky group. For a definition of Schottky groups 
in our setting we refer for example to the introduction of |17j . In higher dimensions, not 
all convex co-compact manifolds are obtained via Schottky groups. For more details and 
references around these questions we refer to |15j . 

The rest of the paper is organized as follows. In §2, we review and prove some necessary 
bounds on the resolvent in the continuation domain. In §3 we prove the estimate on the 
strip with finitely many resonances. In §4, we derive the asymptotics by using contour 
deformation and the key bounds of §2. We also show how to relate §3 to an Omega lower 
bound of the remainder. The section §5 is devoted to the analysis of the special cases 
5 £ ^ — N in terms of the conformal theory of the infinity. 

Acknowledgement. Both authors are supported by ANR grant JC05-52556. C.G ack- 
owledges support of NSF grant DMS0500788, ANR grant JC0546063 and thanks the Math 
department of ANU (Canberra) where part of this work was done. 

2. Resolvent 

We start in this section by analyzing the resolvent of the Laplacian for convex co- 
compact quotient of H ,l+1 and we give some estimates of its norms. 

2.1. Geometric setting. We let T be a convex co-compact group of isometrics of H n+1 
with Hausdorff dimension of its limit set satisfying < S < n/2, we set X = r\H n+1 
its quotient equipped with the induced hyperbolic metric and we denote the natural 
projection by 

(2.1) 7Tp : H" +1 — > X = r\H n+1 , 7f r : ^ -» dX = T\Q. 

By assumption on the group T, for any element h € T there exists a £ Isom(H ,l+1 ) such 
that for all (x,y) £ H" +1 = M" x M + , 

a- 1 ohoa(x,y) = e i(7) (0 7 (a;), y), 

where 7 £ SO n (M.), £(7) > 0. We will denote by 0^(7), . . . , a n (j) the eigenvalues of 7 , 
and we set 

n 

(2.2) G 7 (fc) = dct (i - e- fc 'WO*) = J] (l e -"Ma,( 7 )j . 

i=i 

The Selberg zeta function of the group is defined by 

\ 7 m=l ' v ' / 
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the sum converges for Re(A) > 6 and admits a meromorphic extension to A S C by results 
of Fried [5J and Patterson-Perry [3D] ■ 

2.2. Extension of resolvent, resonances and zeros of Zeta. The spectrum of the 
Laplacian Ax on X is a half line of absolutely continuous spectrum [n 2 /4, oo), and if we 
take for the resolvent of the Laplacian the spectral parameter X(n — A) 

R(X) := (Ax-A(n-A))- 1 , 

this is a bounded operator on L 2 (X) if Re(A) > n/2. It is shown by Mazzeo-Melrosc 
[22] and Guillope-Zworski [H] that R(X) extends meromorphically in C as continuous 
operators R(X) : L>l omp (X) — > Lf oc (X), with poles of finite multiplicity, i.e. the rank of 
the polar part in the Laurent expansion of R(X) at a pole is finite. The poles are called 
resonances of Ax, they form the discrete set 31 included in Rc(A) < n/2, where each 
resonance s £ 3i is repeated with the mutiplicity 

m s := rank(RcsA =s -R(A)). 

A corollary of the analysis of divisors of Z{X) by Patterson-Perry [30] and Bunke-Olbrich 
g] is the 

Proposition 2.1 (Patterson-Perry, Bunke-Olbrich). Let s e C \ (-N U (n/2 - N)), 
then Z(X) is holomorphic at s, and s is a zero of Z(X) if and only if s is a resonance 
of Ax- Moreover its order as zero of Z(X) coincide with the multiplicity m s of s as a 
resonance. 

2.3. Estimates on the resolvent R(X) in the non-physical sheet. The series P\(m, m') 
defined in p.3|) converges absolutely in Re(A) > S, is a holomorphic function of A there, 
with local uniform bounds in m,m', which clearly gives 

Ve > 0, 3C e (TO,m') > 0,VA with Rc(A) E [S + e,n], \P\(m,m')\ < C^ m ^ 

and C t _ m ^ m i is locally uniform in m, m! . We show the 

Proposition 2.2. With previous assumptions, there exists e > and a holomorphic 
family in {Re(A) > S — e} of continuous operator K(X) : L? omp (X) — > L^ oc (X) such that 
the resolvent satisfies in Rc(A) > 5 

where -P(A) is the operator with Schwartz kernel P\(m,m') . Moreover there exists M > 
such that for any XI1X2 G Co°(A') 7 there is a C > such that 

\\xiK(X) X 2\\z(mx)) < C(\X\ + l) M , Rc(A) > 5 - e 

Proof: we choose a fundamental domain J for L with a finite number of sides paired 
by elements of Y. By standard arguments of automorphic functions, the resolvent kernel 
R(X; m, m') for m, m' € 3" is the average 

R(X; m') = G(A; m, 7m') = cr(dh(m, jm')) x k\(o-(dh(m, 7m'))) 

a(d) := (coshd)- 1 = 2e- d (l + e^y 1 

where G(X;m,m') is the Green kernel of the Laplacian on H™ +1 and k\ G C°°([0, 1)) is 
the hypergeometric function defined for Re (A) > 



(i 
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which extends meromorphically to C and whose Taylor expansion at order 2N can be 
written 



r(A - § + i)r(j + 1) 

with fcf G C°°([0, 1)) and the estimate for any e > 

(2.3) \k?(*)\<a 2N+2 C N (\\\ + lf N , ,7 6 10,1-co), Rc(A)>^-iV 

for some C > depending only on eo, see for instance [T31 Lem. B.l]. Extracting the first 
term with ao in k\, we can then decompose 



(i+x 2 r A -i 
/a(z) := x ' 

and where dh means dh (771,7m') here. Thus to prove the Proposition, we have to analyze 
the term K{X) := 2~ 1 a (A)A'i(A) + K 2 (X) with 

JTi(A) := E e-( A+1 )^/A(e- d '0, ^(A) := £ ^^aM^)) 
7 er 7 er 

The first term K\ is easy to deal with since \f\(x)\ < C(|A| + 1) for x G [0, 1], thus we 
can use the fact that P\+i(m, m') converges absolutely in Re(A) > 6 — 1, is holomorphic 
there, and is locally uniformly bounded in (m, ml) thus 

\a (X)xi(m)x2(m')K 1 (X)\ < C(\X\ + 1)* +1 

the same bound holds for the operator in L(L 2 (X)) with Schwartz kernel xi( m )X2(fn)Fi(X) ■ 
Note that ao(A) has no pole in Re(A) > 0, thus no pole in Rc(A) > 5/2 > 0. 

For K 2 (X) we can decompose it as follows: for m G Supp(%i), m' G Supp(x2) (which are 
compact in 5"), for eo > fixed there is only a finite number of elements To = {70, ■ ■ ■ , 7l G 
T} such that dh{m, 7m') > eo for any 7 ^ To and any m, ml G 3", this is because the group 
acts properly discontinuously on H" +1 . Thus we split the sum in A^A) into 

(2.4) K 2 {\) = J2 <r(d h ) X k° x (a(d h )) + £ a(d h ) x k° x (a(d h )). 

7er 7 ^r 

We first observe that the second term is a convergent series, holomorphic in A, for Re(A) > 
(5 — 1 and locally uniformly bounded in (m, m'). Indeed it is easily seen to be bounded by 

TV 

(2.5) CN(\X\ + MA)|PRc(A) +2 ,(m,m') + C N (\X\ + lf N P Rc{x)+2N+1 (m, m') 

j=i 

by assumption on To and using (|2.3p . C depending on eo only. Moreover since ctj(X) is 
polynomially bounded by C(|A| + l) 2 - 7 we have a polynomial bound for (|2.5|) of degree 
depending on N. The first term in (|2.4[) has a finite sum thus it suffices to estimate each 
term, but because of the usual conormal singularity of the resolvent at the diagonal, it 
explodes as dh(m,m') — > 0. We want to use Schur's lemma for instance, so we have to 
bound 



sup / \xi{rn)x2{m')K 2 {X\rn,rn')\drn' nn +i, sup / \xi(m)x 2 (m')K 2 (X;m,m')\dm]t 
First we recall that H™ +1 = (0, oo)^ x R™ has a Lie group structure with product 



1 y 

(x,y).(x',y') = (xx',y + xy'), {x^y 1 = (-, — ) 

x x 
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and neutral element e := (1,0). Then if (u,v) := (x',y') 1 .(x,y) = (x/x', (y — y')/x') we 

get 

(2.6) 

2xx' 2u 

(coshidhix^ix^y')))- 1 = , — = — — -: = (cosh(d fc (u,u;l,0))) _ . 

x 2 + x' + \y - y'\ 2 l + u+\vy 

Moreover the diffeomorphism (u, v) — > m! — m.(u, u) _1 on H ra+1 pulls the hyperbolic 
measure dm' Bn+1 — x' " dx'dy' back into the right invariant measure u~ 1 dudv for the 
group action. This is to say that we have to bound 

f dudv 

(2.7) sup / \xi{m)x2{m.(u, v)~ 1 )K 2 (X;m, m.(u,v)~ 1 )\ 

m£TJj-i.ra u 

where J~ 1 .to := {m' .m; m' G 2F} and similarly 

f dudv 

(2.8) sup / \xi(m'.(u,v)- 1 )x2(m')K 2 (\;m'.(u,v)- 1 ,m')\ . 

m'elij-'.m' u 

Because m, m' are in compact sets, the estimate (|2.5|) with N — n gives a polynomial 
bounds in A in {Rc(A) > 6 — e} for the terms coming from 7 (f. IV To deal with the term 
of (|2.4|) containing elements 7 £ Tq. wc use Lemma B.l of [13] which proves that for any 
compact K of H' l+1 . there exists a constant Ck such that 

(2 . 9) t w ^ M ^mmir-\ Ih(A)> » w . 



j K u ~ dist(A,-N ) 2 

Now to bound (|2.7| with ^(A, •,•) replaced by a(dh(», r y»)) x k' x (a(dh(», 7»))) we note 
that before we did our change of variable in (|2.7[) . we can make the change of variable 
to' —> 7 _1 77i' which amounts to bound 

sup f xi{m)x2h' 1 m.(u,v)- 1 )(G(X;{u,v),e)^2- x - 1 a {X)a\d h {{u,v),e))) — 

merJ( 7 J)-i.ra v / u 

where we used (|2.6[) . But again, since Xi?X2 have compact support, we get a polynomial 
bound in A using (|2.9p and a trivial polynomial bound for fcx(0). The term (|2.8p can be 
dealt with similarly and we finally deduce that for some M, 

||Xx^a(A)x 2 |U(L»(X)) < C(|A| + 1) M , Re(A) ><5- e 
and the Proposition is proved. □ 

This clearly shows that the resolvent extends to {Rc(A) > 5} analytically. Actually, 
Patterson [55] (see also [3TJ Prop 1.1]) showed the following. 

Proposition 2.3 (Patterson). The family of operators T(X— n/2+l)R(X) is holomorphic 
in {Re(A) > 5}, has no pole on {Re(A) = 5, A 7^ 6} and has a pole of order 1 at X = S 
with rank 1 residue given by 

Res A=l5 r(A - n/2 + 1)R(X) = A x u s <g> u s 

where Ax ^ is some constant depending on T and us is the Patterson generalized 
eigenfunction defined by 

(2.10) % * U5 (m)= [ h(m,y)) S dfir(y) 

T being the Poison kernel of H n+1 and d^r the Patterson- Sullivan measure associated to 
r on the sphere <9 00 H™+ 1 = E" U {00} = S n . 

We can but notice that 8 & n/2 — Nisa special case since the resolvent becomes holo- 
morphic at A = 5. Wc postpone the analysis of this phenomenon to section §5. 
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A rough exponential estimate in the non-physical sheet also holds using determinants 
methods (used for instance in [2"U]). 

Lemma 2.4. For X\-,Xi G Cq°(X), j e No, and r\ > there is C > such that for 
\X\ < N/16 and dist(X,3i} > r), 

\\diximX2\\c m x))<e c ^ n+3 , 

Proof: we apply the idea of [301 Lem. 3.6] with the parametrix construction of R(X) 
written in [19] . Let a; be a boundary defining function of dX in X, which can be considered 
as a weight to define Hilbert spaces x a L 2 (X), for any ael For any large N > that 
we suppose in 2N for convenience, Guillope and Zworski |19j construct operators 

Pjv(A, A ) : x N L 2 {X) -> x~ N L 2 (X), K N {\ A ) : x N L 2 {X) X N L 2 {X) 

meromorphic with finite multiplicity in On '■= {Re(A) > (n — N)/2}, whose poles are 
situated at —No, and such that 

(A x -X(n-X))P N (X,X ) = 1 + K N (X,X ) 

with Ao large depending on N, take for instance Ao = n/2 + N/8. Moreover Kn(X, Ao) is 
compact with characteristic values satisfying in On. v '■= On H {dist(A, —No) > rj} 



i ( e CN if ?' < CN n+1 

(2.11) f , j (K N (X,X ))<C(l + \X-X \)j-n+^ e e _ N/Cj2 if 3 j ^ CNn+1 

for some < rj < 1/4 and C > independent of A, N. They also have | \K N (A , A ) 1 1 < 1/2 
in L(x N L 2 (X)), thus by Fredholm theorem 

R(X) = P N {X, A )(l + K N (X, Ao))" 1 : x N L 2 {X) -> x~ N L 2 (X) 

is meromorphic with poles of finite multiplicity in On- By standard method as in [20|, 
Lem. 3.6] we define 

d N (X) := dct(l + K N {X, A ) n+2 ) 
which exists in view of (|2.1ip . and we have the rough bound 

\\(\ + K (\\W-h\ det(l + |^ JV (A,A )r +2 ) 

(2.12) ||(1 + Kjv(A, A )) \\l(x»l2(x)) < 



\d N (X)\ 



in On,t] and where \A\ := (A* A) 3 for A compact. The term in the numerator is easily 
shown to be bounded by exp(C(iV + l) n+2 ) in On, v from (|2.11|) . actually this is written 
in [T9J, Lem. 5.2]. It remains to have a lower bound of |g?at(A)|. In Lemma 3.6 of [20] , 
they use the minimum modulus theorem to obtain lower bound of a function using its 
upper bound, but this means that the function has to be analytic in C. Here there is a 
substitute which is Cartan's estimate [231 Th. 1. 11]. We first need to multiply dAr(A) by a 
holomorphic function Jat(A) with zeros of sufficient multiplicity at { — k; k = 0, . . . , N/2} 
to make Jjv(A)dAr(A) holomorphic in On, for instance the polynomial 

N/2 

■MA) :=II( A " fc ) CJV " +2 

fc=0 

for some large integer C > suffices in view of the order (< CN n+2 ) of each — k as 
a pole of djv(A) proved in [T9l Lem. A.l]. Then clearly /jv(A) := Jjv(A + Ao)dw(A + 
Ao)/(^Jv(Ao)div(Ao)) i s holomorphic in {|A| < A^/4} and satisfies in this disk 

\f N (X)\<e c ^ n+ \ /jv( 0) = l, 

where we used the maximum principle in disks around each — k to estimate the norm 
there. Thus we may apply Cartan's estimate for this function in |A| < N/A: for all a > 
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small enough there exists C a > such that, outside a family of disks the sum of whose 
radii is bounded by aN 



log IMA) | >-C a log( sup IMA) I 

^ I \\< M/A 



■ |A|<JV/4 

and |A| < N/4. Fixing a sufficiently small, there exists (3n £ (3/4, 1) so that 
|MA)| > e- c(N+1 ^ +3 for |A - A | = (3 N ^. 

Note that we can also choose /?jv so that dist(/3/vAf/4, N) > r\ for some small r\ uniform 
with respect to N. Thus the same bound holds for ||(1 + Kjy(\, Ao))" 1 1 \l(x n l 2 (x)) using 
(]2.12p . Now we need a bound for P/v(A, Ao) and it suffices to get back to its definition in 
the proof of Proposition 3.2 of [TH] : it involves operators of the form L*tpR mn+ i (A)V't* for 
some cut-off functions ip,ip £ C°° (H" +1 ) and isometry 



i : U C X -> {(x, y) e (0, oo) x E n ; x 2 + \y\ 2 < 1} C 



irn+l 



and operators whose norm is cxplicitely bounded in pH Sect. 4] by e c< ~ N+1 ) in N , n . The 
appendix B of |13| gives an estimate of the same form for | \tpR^ n +i {Xjipl | as an operator 
in £j(x n L 2 (X), x~ N L 2 (X)) for A G On, v (this is actually a direct consequence of (|2.9[) 
and (|2.3p ) thus we have the bound 

\\RW\\l(x n l 2 (x) ,x- n l 2 (x)) < e c(Ar+1) 

in {|A — A | = PnN/A}. Let IRat be the set of poles of -R(A) in On, each pole being 
repeated according to its order; Jljy has at most CN n+2 elements so we may multiply 
R(X) by 

Fn(X) := J] E(X/s,n + 2) 

where E(z,p) := (1 — z) exp(z + • • • + p~ 1 z p ) is the Weierstrass elementary function. It is 
rather easy to check that for all e > small, we have the bounds 

(2.13) e c E (v+ir+3 > | Fjv(A) | > e - Ce( iv + i)C™+3) 

for some C e and for all A 6 such that dist(A, 3V) > e. Thus i?(A)Fjy(A) is holomor- 
phic in {|A — Ao| < PnN/A} and we can use the maximum principle which gives a upper 
bound ||F A r(A)i?(A)|| £(:E iv L 2^-™ L 2 ) < exp(C e (7V + l) n+3 ) in{|A-A | < f3 N N/4}. We get 
our conclusion using (|2.13p . the fact that Xi is bounded by e CN as an operator from L? 
to x N L 2 , and the Cauchy formula for the case j > (estimates of the derivatives with 
respect to A). □ 

Remark: Notice that similar estimates are obtained independently by Borthwick [3]. 

In the case of surfaces the second author used the powerful estimates developpcd by 
Dolgopyat [7] to prove that the Selberg zeta function Z(X) is analytic and non-vanishing 
in {Rc(A) > S — e, A ^ 5} for some e > 0. In higher dimension, the same result holds, as 
was shown recently by Stoyanov [36] . 

Theorem 2.5 (Naud, Stoyanov). There exists e > such that the Selberg zeta function 
Z(\) is holomorphic and non-vanishing in {A £ C; Rc(A) > 5 — e, A =/= 5}. 

Using Proposition ^. 11 this implies that the resolvent i?(A) is holomorphic in a similar 
set (possibly by taking e > smaller). Then an easy consequence of the maximum 
principle as in [381 [5] together with a rough exponential bound for the resolvent allows to 
get a polynomial bound for ||yi-/?(A)x2| on the {Re(A) = 5; A ^ 5}. 
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Corollary 2.6. There is e > such that the resolvent R(X) is meromorphic in Re(A) > 
5 — e with only possible pole the simple pole X = 5, the residue of which is given by 

A x 

Res x=& R{\) = r p _ s + 1 j u * ® u * 

where us is the Patterson generalized eigenfunction of t2.10\) . Ax / a constant. More- 
over for all j G No, Xu Xi & Cq°(X), there exists L G N, C > such that for \X — 5\ > 1 

\\d{xiRWx2\U(mx)) < C(\X\ + 1) L m {Rc(A) > 5} 

Proof : This is a consequence of Proposition 12.21 Proposition 12. 3[ Theorem 12.51 and 
the maximum principle as in [2j Prop. 1] . First we remark from Proposition 12.21 and 
Proposition 12.31 that P\ has a first order pole with rank one residue at A = S and, since 
\P\(m,m')\ < |^R e (A)( m ; TO ')|j we have the estimate 

\\xiRWx2\\uli(x)) < |Re(A) - S^CQXl + 1) M 
for Rc(A) G (6,n/2). This implies by the Cauchy formula that 

Pixii?(A) X2 |k(L 2( x)) < I Re (A) - Sr^CdXl + 1) A/ . 
Let A > 0, and (p,tp € L 2 (X), we can apply the maximum principle to the function 

/(A) = e ^(-i(A-«»" +4 (d{ Xl R(X) X 2V,i>) 
which is holomorphic in the domain A bounded by the curves 

A + := {S+u~ n ~ 3 +iu; u > 1}, A_ := {5—e+iu; u > 1}, A := {i+u; 5—e < u < 5+1}. 
Then it is easy to check as in [31 Prop. 1] that by choosing A > large enough 

|/(A)|<C(|A| + 

in A for some L depending only on M. In particular, applying the same method in the 
symmetric domain A := {A; A G A}, we obtain the polynomial bound | |9^xi_R(A)x2| | < 
C(|A| + l) L on {Rc(A) = 5, |Im(A)| > 1}. □ 

3. Width of the strip with finitely many resonances 

As stated in Theorem 12.51 we know that there exists a strip {5 — e < Re(A) < 6} with 
no resonance for A g , or equivalcntly no zero for Selberg zcta function. However the proof 
of this result does not provide any effective estimate on the width of this strip (i.e. on e 
above). More generally it is of interest to know the following 

pr := inf js G K; Z(X) has at most finitely many zero in {Rc(A) > s}| 

or equivalently 

pr = inf js G K; -R(A) has at most finitely many poles in {Re(A) > s}|. 
In this work, we give a lower bound for pr'. 

Theorem 3.1. Let X = r\H" +1 be a convex co-compact hyperbolic manifold and let 
S G (0, n ) be the Hausdorff dimension of its limit set. Then for all e > 0, there exist 
infinitely many resonances in the strip {— nS — e < Re(s) < 5}. If moreover V is a Schottky 
group, then there exist infinitely many resonances in the strip {—S 2 — e < Re(s) < d}. 

Remark: In particular, we have pr > —Sn in general and pr > ~S 2 for Schottky mani- 
folds. The limit case 5^0 may be viewed as a cyclic elementary group To, and resonances 
of the Laplace operator on ro\H 2 are given explicitely [HI Appendix], they form a lattice 
{ — k + ia£]k G No,^ G Z} for some a G R, in particular there are infinitely many res- 
onances on the vertical line {Re(s) = 0}. This heuristic consideration suggests that for 
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small values of 6, our result is rather sharp. 

Proof : The proof is based on the trace formula of [15] and estimates on the distribution 
of resonances due to Patterson-Perry [30], Guillope-Lin-Zworski [17] (see also Zworski [40] 
for dimension 2). To make some computations clearer (Fourier transforms), we will use 
the spectral parameter z with X — j + iz and Imz > in the non-physical half-plane. We 
set j3 := S if X is Schottky or n + 1 = 2, while j3 := n if n + 1 > 2 and X not Schottky. 
Wc proceed by contradiction and assume that there is p = n/2 + (38 + e for some e > 
such that there are at most finitely many resonances in Im(z) < p. Let us first recall the 
trace formula of [15]: as distributions oftsR\{0},we have the identity 

■J+izGD? feeN 7 eym=i 7V ; (ZbllUl 2 j 

where T denotes the set of primitive closed geodesies on X = r\H" +1 , £(j) stands for 
the length of 7 G 3>, G 7 (m) is defined in i|2"^]l . d fc := dimkcrP fe if P fc is the k-th GJMS 
conformal Laplacian on the conformal boundary dX, is the set of resonances of Ax 
counted with multiplicity and x(X) denotes the Euler characteristic of X. Next we choose 
ipo G C^°(1R) a positive weight supported on [—1, +1] with (fio(0) = 1 and < <po < 1. We 
set 

V a 

where d will be a large positive number and a > will be small when compared to 
d (typically a = ). Pluging it into the trace formula (|3.ip and assuming that d 
coincides with a large length of a closed geodesic, we get that for d large enough. 

£ 2 G7 M ^M(7))>Ce-^ 

with a constant C > 0, whereas the other term can be estimated by 

f 1 /N cosh((d + to) 12) , „, . nrf 
/, ^ t) (2sinli(M + to |/2))i +1 ^ = - 

The key part of the proof is to estimate carefully the spectral side of the formula, i.e. we 
must exanimate 

<Pot,d(—z) + X] dk(p a ,d{-z), 
feGNo 

where (p is the usual Fourier transform. Standard formulas on Fourier transform on the 
Schwartz space show that for all integer M > 0, there exists a constant Cm > such that 

g — dlm(z)-\-a |Im(z) ] 

(3.2) < <*C M (1 + q|z|)M ■ 

To simplify, we denote by 3? the set {z G C; § + iz G 3? U zN} where each element 2; is 
repeated with the multiplicity 

m n /2+iz if z g iN 
m n/2~k + dk ii z = ik with k G N 

Our assumption now is that 

{0 < hn(z) < p} n ft 

is finite for p = ^ + /3(5 + e. We set p > p > 0. The idea is to split the sum over resonances 
as 

2 ^5^x ^ —5<Im(z)<p p<Im(z)<p pf^ 111 ^) 
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and estimate their contributions using dimensional and fractal upper bounds. Using 
we can bound the last term (for d large) by 



^2 <p<xA- z ) 

p<Im(z) 



< c 



M ae 



-p(d-a) 



+ 00 



dN(r) 



[l + ar) M ' 



where 3\T(r) = #{z £ ft; \z\ < r}. By [H Th. 1.10] (see also [D2 Lemma 2.3] for 
a discussion about the dk terms), we know that N(r) = 0(r n+1 ), thus we can choose 
M = n + 2 and obtain, after a Stieltjes integration by parts, the following upper bound 



= 0(a- n e- pd ) 



p<Im( z) 

Similarly, we have the estimate (for d large and a small) 



p<Im(z) <p 



< C M ae- p{d - a) 



<IN(r) 
(1 + ar) M1 



where Ji[r) = £ : /) < Im(z) < p, |z| < r}. This counting function is known to 
enjoy the "fractal" upper bound N(r) = 0(r 1+s ) when X is Schottky [T7] (see also [ID] 
when n = 1), thus we can write 3\T(r) = 0(r 1+ ") where (3 is defined above. In other words, 
one obtains by choosing M = n + 2, 



Y <P<x,d(- z ) 

p<Im(z)<p 



Since we have assumed that {0 < Im(z) < p} n ft is finite, and using the fact that 
resonances (in the z plane) have all imaginary part greater than ^ — 5, we also get 



M-z) - 

6<lm(z)<p 

Gathering all estimates, we have obtained as d — > +00, 

e-9 d (C + 0(a)) = 0(ae {s ~% )d ) + 0(a- p e - pd ) + 0(oT n e-^), 

where all the implied constants do not depend on d and a. If we now set a 
get a contradiction as d — > +00, provided that 



-fid 



we 




Set /x := <S + £ and p = flp+^+e = (38+ § +e(l + /?), we can then choose p := np+^ + 2e 
which is larger than p and we have our contradiction for all e > 0. □ 



The proof reveals that any precise knowledge in the asymptotic distribution of reso- 
nances in strips has a direct impact on resonances with small imaginary part. 

4. Wave asymptotic 

4.1. The leading term. Let /, \ £ Cg°(X), it is sufficient to describe the large time 
asymptotic of the function 



u(t) := x 
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and dtu(t). We proceed using same ideas than in [BJ. We first recall that from Stone 
formula the spectral measure is 

<m{v 2 ) = —[R{- + iv)-R(--iv))dv 

in the sense that for h S C°°([0, oo)) we have 

/ n 2 \ r°° 
h[A x ~ — J = J h(v)dn(v 2 )2vdv. 

Since sin is odd, then it is clear that u(t) can be expressed by the integral 

1 r°° . / n n \ 

(4.1) U ^ = 2W_ eltV {^2 +w)f ~ xR{ 2~ lv)f ) dv 

which is actually convergent since / £ (this is shown below). We want to move 
the contour of integration into the non-physical sheet {Im(w) > 0} (which correponds 
with A = n/2 + iv to {Rc(A) < n/2}) for the part with e ltv and into the physical sheet 
{Im(u) < 0} for the part with e~ %tv . After setting 

/ TL TL \ 

L(v) := (xi?(- + iv)f - X R{ 2 - iv)f) 
and T) > small, we study the following integral for /3 := n/2 — S 

h(R,V,t) := / lm(v)=0 e*»L(v)do, h(R,t) := f =R e^L(v)dv, 

?;<|Rc(t))|<i? 0<Im(v)</3 

In particular let us first show that 

Lemma 4.1. If \L(v)\ < C(\v\ + 1) M in {|Im(w)| < (3} for some C, M > 0, then 

lim I 2 {R,t) = lim d t h{R,t) = 

R — >oc R — ^oo 

Proof: it suffices to prove inverse polynomial bounds for L(v) as |Re(u)| — > oo. Actually 
we can rewrite L(v) using Green formula [161 131] 

(4.2) L(v;m) = -2iv J J x(m)E^+iv;m,yjE^ -iv;m',y^f(m')dy d xdm' x 

where E(X; m, y) denotes the Eiscnstcin function, or equivalently the Schwartz kernel of 
the Poisson operator (see [M]), they satisfy for all y £ dX 



ii 



2 



[Ax - '— -v 2 )E^+iv;;y) = 0. 

Using this equation, integrating by parts N times in mf in (|4.2[) and using the assumed 
polynomial bound of \L{v)\ in |Im(u)| < /?, we get for all N > (recall / G Cq°(X)) 

(4.3) \L(v)\ <C N (\Re(v)\ + l) M - N 

for some constant Cn- Then it suffices to take N ^> M large enough and the Lemma is 
proved. □ 

Now we get estimates in t for Ii(R, r/, t). 

Lemma 4.2. If \L(v)\ < C(\v\ + 1) M in \Imv\ < (3 for some C,M > 0, then Ii(R,r),t) 
and d t I\(R, 77, t) have a limit as R —> 00, 77 — s- and 

lim lim h{R,7], t) = 7rie _/3t Res„ =l) 3(L(w)) + 0(e~ /3t t-°°), t -> 00, 

77— »0 ii— »oo 

lim lim dth{R,r],t) = -T:f3ie- pt Kcs v=ll3 {L{v)) + 0(e~ /3t ^°°), t -> 00 

r/— >0 R—*oo 
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Proof: Let us first consider Ii(R,ri,t), it can clearly be written as 

e' t(i I e ltu L{u + i[3)du. 

Jr]<\u\<R 

Since L(u + i/3) has a pole at u = 0, we can write 

L(u + ij3) = - + h(u) 
u 

for some residue a £ C and h(u) analytic on R. Set ip 6 Cg°((— 1, 1)) even and equal to 1 
near 0, then by (|4.3p and properties of Fourier transform the integral 



; ?;t " ((1 - %l>{u))L{u + i/3) + tp(u)h(u)j du, 



e 

lrj<\u\<R 

converges as R — > oo, r\ — ► to a function that is a 0(i _o °) when t — >• oo. Now it remains 
to consider 

rR 



e ltu i>{u)u- x du = 2ia I ijj{u)du 



>r)<\u\<R 

which clearly has a limit as R — > oo,ry — > 0, we denote by s(t) this limit. Then since 
s(0) = and ip(—u) = ip(u), we have 

f°° - f* - 1 f* « 

d t s(t) = 2ia / ip(u) cos(tu)du — iatp(t), s(t) — ia ip{f;)d£ = —ia / ip(£)d£ 



and it is clear that 



s(t) = lim s(t) + 0(t-°°) = iria + 0(£-°°). 

t— >oo 



The same arguments show that 

d t s(t) = 0(t-°°) 

and this proves the result. □ 
Now we can conclude 

Theorem 4.3. Let \ £ Cq°(X), ifrerc the solution u{t) of we wave equation satisfies 
the asymptotic 

Xu(t) = T{ n AX 6+1 f ~ t{ ^ S) ( u ^ ( S - «/2)/o + /i)x«« + O i2 (e- 4 (t-*')t— ) 
as i — > +oo, where us is the Patterson generalized eigenf unction. 

Proof: we apply the residue theorem after changing the contour in (|4.ip as explained 
above. This gives for instance for / = (0, /i), 

R e itv L(v)dv = h (R, n, t) + I 2 (R, t) + / e Uv L(v)dv 

-TT<6<0 

The limit of the last integral as 77 — > is given Trie~° t 'Res v= ipL(v). It suffices to con- 
clude by taking the limits R — > 00,77 — > and using Lemmas 14.11 and 14.21 Then the case 
/ = (/o,0) is dealt with similarly by differentiating in t the equation above and using 
Lemmas H72ETJ □ 

We now show a lower bound in t for the remainder in u{t) using Theorem 13. II 

Proposition 4.4. Let K C X be a compact set, then there exists a generic set O C 
C°°(K) (i.e. a countable intersection of open dense sets) such that for all /1 € f2 and all 
e > 0, we have r(t) ^ Q L i{e-^ +nS+ ^ t ) where 

r{t) := X u(t) T( n AX 6+l) ^ t{ ^ S) f)xus 
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is the remainder in the expansion of the solution u(t) of the wave equation (jTTTj) with 
initial data (0, /i). The lower bound can be improved by r(t) ^ 0^2 (e~' ~ +s + 6 )*) if X is 
Schottky. 

Proof: Let us define Q. If Ao is a resonance, we denote by H\ the polar part in the 
Laurent expansion of i?(A) at Ao- It is a finite rank operator of the form 

k mj(Ao) 

IIao = /".(A - A )~ 3 ^2 Pjrn ® 4>]m 
j=l m=l 

where rrij(Xo), k G N and ipj m , (fijm G C°°(X), see for instance Lemma 3.1 of [H]. Thus it 
is a continuous operator from C°°(K) to C°°(X) and thus the kernel of X^-X \c°°(K) is a 
closed nowhere dense set of C°°(K), we thus define f2 = n se K(C°°(-K') \ ker xn s |c°°(Rr)) 
which is a generic set of C°° (if) (recall that C°° (if) is a Frechet space by compactness of 
K). The idea now is to use the existence of a resonance, say Ao, in the strip {— n8 + e > 
Re(A) > 5} proved in Theorem 13 . 1 1 and the formula (for Re(A) > S) 

poo 

X R(\)f= / e*<*- A >xt»(t)dt. 
Jo 

Indeed, if r(t) = 0( e ~ t( -^ +nS+s) ), the integral J Q °° e t( * - x ~>r(t)dt converges for Re(A) > 
— nS — e, and so it provides a holomorphic continuation of %i?(A)/ in A there. Now a 
straightforward computation combined with Corollary 12.61 shows that for Re(A) > 5 

POO 

/ e^~ x K(t)dt = X R(X)f - (A - 6)- 1 X Res x=s R(X)f. 
Jo 

This leads to a contradiction when fx € CI since ker xll,\ \c°°(K) H O = and so x^Wf 
has a singularity at A = Aq. We thus obtain our conclusion. The same method applies 
when X is Schottky and the finer estimates are valid. □ 



5. CONFORMAL RESONANCES 

In this section, we try to explain the special cases <5Gn/2 — Nin term of conformal 
theory of the conformal infinity. As emphasized before, a convex co-compact hyperbolic 
manifold (X, g) compactifics into a smooth compact manifold with boundary X = XUdX, 
where dX = T\Q if f2 is the domain of discontinuity of the group L defined in the 
introduction. If x is a smooth boundary defining function of dX, x 2 g extends smoothly 
to X as a metric, the restriction 

ho = x 2 g\ Td x 

is a metric on dX inherited from g but depending on the choice of x, however its confor- 
mal class [ho] is clearly independent of x, it is then called the conformal infinity of X. 
By Graham-Lee |11[ 110] , there is an identification between a particular class of boundary 
defining functions and elements of the class [ho]: indeed, for any ho € [ho], there exists 
near dX a unique boundary defining function x such that \dx\ x 2 g = 1 and x 2 g\ T gx = ho, 
this function will be called a geodesic boundary defining function. 

We now recall the definition of the scattering operator S(X) as in OIM]- Let A G C 
with Re(A) ^ n/2 + Z and let a; be a geodesic boundary defining function, then for all 
/ e C°°(dX) there exists a unique function F(X, f) £ C°°(X) which satisfies the boundary 
value problem 

(A x -X(n-X))F(X,f) = 0, 
3F 1 (X,f),F 2 (X,f) G C*°°p0 such that 
F(X, f) = x"- A Fx(A, /) + x x F 2 (X, f) and F X (X, f)\ dx = f. 
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Then the operator 5(A) : C°°(dX) -> C°°(dX) is defined by 

S(X)f = F 2 (XJ)\ 9x . 

It is clear that 5(A) depends on choice of x, but it is conformally covariant under change 
of boundary defining function: if x := xe w is another such function, then the related 
scattering operator is 

5(A) = e- A "°5(A)e("- A ^, cu := u\ ajt . 

It is proved in [H] that 5(A) has simple poles at A = n/2 + k for all k € N, and after 
renormalizing 5(A) into 

8(A) := 2 2A ""^||5(A) 

we obtain by the main result of [T2] that S(n/2 + k) = is the k-th GJMS conformal 
Laplacian on (dX,ho) defined previously in [5]. In general S(A) is a pseudodifferential 
operator of order 2A — n with principal symbol " but for A = n/2 + k, it becomes 

differential. 

Proposition 5.1. If 8 = n/2 — k with k € N, then the j-th GJMS conformal Laplacian 
Pj > for j < k while has a kernel of dimension 1 with eigenvector given by f n /2-k 
defined below in (|5.3|) in term of Patter son- Sullivan measure. 

Proof: Let us fix J" 6 (0,n/2) not necessarily in n/2 — N for the moment. In [H] . 
the first author studied the relation between poles of resolvent and poles of scattering 
operator. If A £ C, we define its resonance multiplicity by 

m(A) := rank(Rcs s=A ((2s - n)P(s))) 

while its scattering pole multiplicity is defined by 

KA) := -Tr(Rcs s=A (a s S( S )S- 1 ( S ))). 

We proved in [H] (see also [T5] for point in pure point spectrum) that for Re(A) < n/2 

u(X) = m(A) — m(n — A) + 11»_n(A) dimker §(n — A), 
which in our case reduces to 

(5.1) v{X) = m(A) + llf _n(A) dimker§(n - A) 

by the holomorphy of R(X) in {Rc(A) > n/2}, stated in Proposition 12.31 We know from 
that the Schwartz kernel of S(A) is related to that of R(X) by 

(5.2) HX;y,y') = 2 2X - n+l T{ ^~ f ± 1} [x^x'- X R(X; x, y, x'y')]\ x=x ,=o 

where (x, y) G [0, e) x dX are coordinates in a collar neighbourhood of dX, x being the 
geodesic boundary defining function used to define §(A). This implies with Proposition 
12.31 that S(A) is analytic in {Rc(A) > 8} and has a simple pole at 8 with residue 

o-2fe+l 

Res A =,5S(A) = A x - —J s ® f s , f s := {x~ s u s )\ x = - 

[k - 1)! 

Note that Perry [35] proved that fs is well defined and in C°°(dX). The functional 
equation §(A)§(n — A) = Id (see for instance Section 3 of [12]) and the fact that §(A) 
is analytic in {Re(A) > 8} clearly imply that kerS(A) = for Re(A) £ (8, n — 8), thus 
in particular kerPj = for any j G N with j < n/2 — 8. Moreover, using [301 Lemma 
4.16] and the fact that m n / 2 = since R(X) is holomorphic in {Re(A) > 8}, one obtains 
S(n/2) = Id thus §(A) > for all A € (S,n — 8) by continuity of §(A) with respect to A. 
We also deduce from the functional equation and the holomorphy of S(s) at n — 8 that 

S(n - 6)f s = 0. 
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We thus see from this discussion and Proposition 12.31 that, in (|5.ip . the relation m(S) = 
v(6) = 1 holds when 6 n/2 — N while v{8) = dimkerPfe when 6 = n/2 — k with k E N 
since m(S) = in that case by holomorphy of R(X) at 5 = n/2 — k. To compute dim ker P^ 
when 5 = n/2 — k, one can use for instance Selberg's zeta function. Indeed by Proposition 
2.1 of [33], Z(X) has a simple zero at 8 but it follows from Theorems 1.5-1.6 of Patterson- 
Perry [SU] that Z{\) has a zero at A = n/2 - k of order v(n/2 - k) if k <E N, k < n/2, 
therefore v(n/2 — k) = 1 and thus 

dim ker Pk = 1 . 

One can now describe a bit more precisely the function fg. The Poisson kernel of Propo- 

1+1 is 

Vn+l 



sition 12731 in the half-space model K™ x of 



n^yn + uy') = - 2n+i + ly _ y/? 

thus if x is the boundary defining function used to define §(A) and if (Tr^x/y n +i)\ yn+1= a = 
k(y) (recall nr, 7fr are the projections of (j2.1|) ) for some k(y) S C°°(E n ), so we can describe 
rather cxplicitely f$, we have 

(5.3) Tt* r f s (y) = k(y)- s [ \y - y'\- 2S d^ T {y'), !/^- 

□ 



To summarize the discussion, if 5 < n/2, the Patterson function ug is an eigenfunction 
for Ax with eigenvalue 5(n — 5), it is not an L 2 eigenfunction though and it has leading 
asymptotic behaviour us ~ x s f$ as x — > 0, where /<5 £ C°°(9X) is in the kernel of the 
boundary operator §(n — A). When <5 ^ n/2 — N, this is a resonant state for Ax with 
associated resonance S while when Sen/2 — N it is still a generalized eigenfunction of Ax 
but not a resonant state anymore, and <5 is not a resonance yet in that case: the resonance 
disappear when S reaches n/2 — k and instead the fc-th GJMS at dX gains an element in 
its kernel given by the leading coefficient of u n /2—k m the asymptotic at the boundary. 

Remark: Notice that the positivity of Pj for j < n/2 — S has been proved by Qing-Raskc 
|35| and assuming a positivity of Yamabe invariant of the boundary. Our proof allows to 
remove the assumption on the Yamabe invariant, which, as we showed, is automatically 
satisfied if 5 < n/2. 
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